LOCAL LIPSCHITZ GEOMETRY OF WEIGHTED 
HOMOGENEOUS SURFACES 



L. BIRBRAIR AND A. FERNANDES 

Abstract. We compute Hoelder Complexes, i.e. the complete bi-Lipschitz 
invariants, for germs of real weighed homogeneous algebraic or semialgebraic 
surfaces. 



1. Introduction 

A basic question of Metric Theory of Singularities is Lipschitz Classification 
of Singular Sets. Some recent results of several authors are devoted to Lipschitz 
invariants of semialgebraic or algebraic sets with singularities. (See, for example, 

mmmmm- 

Holder Complexes, constructed in pQ, are complete bi-Lipschitz invariants for 
germs of semialgebraic surfaces. Le Dung Trang asked the following natural ques- 
tion: what is the relation between Lipschitz invariants and the algebraic nature of 
the semialgebraic sets? In this paper we give a complete answer to this question 
for weighted homogeneous surfaces in WL n , i.e. we compute the exponents in Holder 
Complexes of these sets. 

In order to compute these exponents we consider weighted homogeneous singu- 
lar foliations in R™ and prove that the corresponding Holder Exponents can be 
computed in terms of orders of contact of leaves of such a foliation. 

We would like to thank Professor Le Dung Trang for a very interesting question 
and very important comments on a preliminary version of this paper and Professor 
Fuensanta Aroca for interesting discussions. 

2. Preliminaries and main results 
We are going to recall a definition of Canonical Holder Complex presented in [1] . 
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An Abstract Holder Complex is a pair (T,(3), where L is a finite graph, Er is 
the set of edges of T and (3 : Er — > Q is a rational valued function such that for 
each g S £"r, we have (3(g) > 1. A vertex a S Vr is called smooth or artificial if 
a is connected with exactly two edges and these edges connect a with exactly two 
vertices of L. A vertex a is called a fooj? vertex if a is connected with exactly two 
edges and these edges connect a with the same vertex of T. 

An Abstract Holder Complex (T,(3) is called Canonical or Simplified if 

(1) r has no artificial vertices; 

(2) for any loop vertex connected with two edges g\ and gi we have (3(g\) = 
0(92). 

The Standard Holder Triangle Tp is a semialgebraic subset of R 2 defined as 
follows: 

Tp = {(x, y) EM 2 : < y < x , < x < 1}, 

where [3 > 1 is a rational number. 

A semialgebraic set X C M™ is called a Geometric Holder Complex associated to 
(T,(3) if 

(1) there exists a homeomorphism $: cone(T) — > A, where cone(r) is a cone 
over T; 

(2) for any edge g 6 £t, the image of the set cone(g) C cone(r) by the map $ is 
semialgebraically bi-Lipschitz equivalent, with respect to the inner metric, 
to Tp, where [3 = (3(g). If ^ : $(cone(g)) — > is the corresponding bi- 
Lipschitz map, then ^(xo) — 0, where xq E X is the image of the vertex of 
cone(T) by the map 

Theorem 2.1. pQ ief A C M n be a closed semialgebraic set of dimension 2 and 
let xq £ X. Then there exists a unique (up to isomorphism) Canonical Holder 
Complex (r, (3) such that, for sufficiently small e>0, Ifl B(xq, e) is a Geometric 
Holder Complex, associated to (T,(3). 

Let a\ > ci2 > • • • > a n be a finite sequence of positive integer numbers. A 
Weighted homogeneous foliation Jv 0l) „ 0n ) in R™ with the weights a± > a-i > • ■ • > 
a n is a singular foliation defined as a family of curves (t ai xi, . . . , t a ™x n ), where 
x — (xi, . . . ,x n ) S R™ and t G (0, +oo). The Standard Newton Simplex, associated 



LOCAL LIPSCHITZ GEOMETRY OF WEIGHTED HOMOGENEOUS SURFACES 3 

to a weighted homogeneous foliation ^ r ( aii .... a „) is the convex hull of the points 
(at, . . . , 0), (0, <X2, 0, . . . , 0), . . . , (0, . . . , 0, a„). All the 1-dimensional faces of the 
Standard Newton Simplex belong to subspaces 

Rl = s P an{{0, . . . , a u 0, . . . , 0), (0, . . . , a h 0, . . . , 0)}. 

The quotient — (i < j) is called the direction of (i, j)-l-dimensional face of a 

a 3 

Standard Newton Simplex. 

Let x ^ be a point in R™. Denote by ~f x the closure of the leaf of ^ r ( ai ,.... a „) 
passing through the point x. A set X C R™ is called (oi, . . . , a n )-weighted homoge- 
neous if, for all x e X, we have j x C X . 

Example 2.2. Let / : R 3 — > R be a weighted homogeneous polynomial with respect 
to weights a > b > c. Then X = / _1 (0) is an (a, b, c)-weighted homogeneous 
algebraic set. 

Example 2.3. Let F: R m — > R" be a polynomial map with coordinate functions 
F = (A, • • • , j n ) such that /i, . . . , /„ are weighted homogeneous polynomials with 
degrees (di, . . . , d n ). Then F(R m ) is a (di, . . . , d„)-weighted homogeneous semial- 
gebraic set. 

Proposition 2.4. Let X C R™ be a semialgebraic (oi, . . . , a n )-weighted homoge- 
neous subset. Then Sing(X) is also an (oi, . . . , a n ) -weighted homogeneous set. 

Proof. Let us consider a map <pt '■ R™ — * R" defined as follows: 

<p t (xi, ■ ■ -,x n ) = (t ai xi, . . .,t an x n ). 

Note that a restriction of this map to R" — {0} is a diffcomorphism, for all t > 0. 
If X C R" is a semialgebraic (oi, . . . , a„)-wcighted homogeneous subset, then, for 
all t > 0, ipt(X) = X. Thus, ip t (Sing(X)) = Sing(X) and hence Sing(X) is 
(ai, . . . , a n )-weighted homogeneous set. □ 

A closed semialgebraic set I C 1" is called a semialgebraic surface if dimA" = 2. 

Theorem 2.5. Let IcR" be a semialgebraic (a\, . . . , a n )-weighted homogeneous 
surface. Let (L,/3) be the Canonical Holder Complex of X at 0. Then, for each 
g E Er, /3(g) = 1 or is one of the (i, j)- directions of the Standard Newton Simplex 
associated to T( ai an y 
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For the case of weighted homogeneous surfaces in R 3 , we will prove the following 
result. 

Theorem 2.6. Let X C R 3 be a semialgebraic (a±, 0,3) -weighted homogeneous 
surface. If G X is an isolated singular point and the local link of X at is 
connected, then the germ of X at is bi-Lipschitz equivalent, with respect to the 
inner metric, to a germ at of a (3-horn, i. e. a surface defined as follows: 

H p = {(x 1 ,x 2 ,y)eR 3 : {x\ + x\) = y 2 ?}, 
02 

where (3 is equal to 1 or to — . 

3. Order contact of semialgebraic arcs. Weighted homogeneous 

foliations 

Recall that a semialgebraic arc 7 at a point £0 6 W 1 is image of a semiagebraic 
map 7: [0, e) — > W 1 such that 7(0) = xq and 7(s) 7^ 0, for ,s ^ 0. Let 71, 72 be two 
semialgebraic arcs at 20 ■ These arcs can be reparamctrizcd near xq in the following 
form: 

7,(t) = {s £ 7, : \\x - x \\ = t}; i = 1,2. 
Let p(t) = ||7i(£) — 72(0 1|- Since p is a semialgebraic function, we have 

p(t) = at x + o(t x ), 

where A is a rational number bigger or equal to 1 and a > 0. The number A is 
called the order of contact of 71 and 72. We use the notation A(7i,72). 
Set 

7i(t) = {i£ ji : \\x - x \\ max = t}; i= 1, 2. 

Let p{t) = ||7i(t) - J2(t)\\ max . Recall that ||x|| maa: = max{\xi\, . . . , |x„|}. Since p 
is also a semialgebraic function, we have 

p(t) =at x + o(t x ), 

where A is a rational number bigger or equal to 1 and a > 0. 

Proposition 3.1. The number X, defined above, is equal to A(7i,72). 

We are going to prove this proposition in Section [6] 
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Proposition 3.2. 2J 

Let 71,72 and 73 be three semialgebraic arcs at xq S W 1 . Let A(7i,72) > 
^(72,73) > A(7i,7 3 ), then X(j2,j3) = A (71, 73). 

The main result of this section is the following. 

Theorem 3.3. Let J 7 ( a i,...,a n ) be a weighted homogeneous foliation in R n . For 
all x ^ y in WL n , the order contact X^xj^fy) is equal to 1 or to a direction of a 
1- dimensional face of the Standard Newton Simplex associated to J 7 ( ai ....,a n )- 

Proof. Let us proceed by induction on n. First, we consider the case n — 2. In this 
case, all the leaves of this foliation can be presented in one of the following forms: 

(1) x\ > 0, X2 — axf , where a£l and a = — ; 

(2) x% < 0, x 2 — a\xi\ a , where a 6 R and a = — ; 

(3) xi = 0, x 2 < 0; 

(4) xi = 0, x 2 > 0. 

Using Proposition 13. II one can show that X("/ x ,Jy) is equal to 1 or to a. 

Suppose that the statement is true for all the weighted homogeneous foliations 
J r (o 1 ,...,Ok) m f° r k < n. Consider a foliation •7 r (o 1 ,...,a„v Note that the restric- 
tion of Jvoi,. ..,a„) to the hyperplane x n = is a weighted homogeneous foliation 
•^ r (oi,...,o„_i) m K™" 1 - Thus, for any two curves 7 y , 7 Z belongs to the hyperplane, the 
statement is true, by the induction hypotheses. Thus, we can suppose that 7^,72 
are chosen in such a way that z — [z\, ... , z n ) and z n 7^ 0. Let y = (yi, . . . , y n ). 
If 2/n = 0, then the unit tangent vector at zero to j y belong to the hyperplane 
x n = and the unit tangent vector to 7 Z does not belong to this hyperplane. Thus, 
A(7y,7z) = 1- If y and z belong to different sides of the hyperplane x n = 0, then 
their unit tangent vectors at zero cannot coincide. Again, in this case, A(7y, j z ) = 1. 
Now, we suppose that z n > and y n > (the case z n < and y n < can be treated 
in the same way). Consider the parametrization 7 y (£) of 7 y and j z (t) of j z defined 
in the beginning of this section. We have 

<*1 _ a n-l _ 

7s/(*) = (t a ™yi,---,t »« y n -i,t) 

and 
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where y = (yi, . . . , y n -i, 1) arid z = (zi, . . . , z n -i, 1) are the intersections of and 
7z, respectively, with the hyperplane x n = 1. We obtain 

~ iLL a n-l 

p(t)=max{t"n\y 1 -z 1 \,...,t "n \y n _ x - z n _i|}. 
Hence, A(7 y , 7 Z ) can be equal to — , . . . , " 1 . The theorem is proved. □ 

Remark 3.4. By the construction, it is clear that, for all the pairs (i > j), there 

exists a pair of curves j y and ^ z such that A(7 y ,7z) = — . 

dj 

4. Holder exponents. Horn exponents. 

A semialgcbraic surface X C M™ is called a (3-Holder Triangle at io £ I if 
the germ of X at x is semialgebraically bi-Lipschitz equivalent to a germ of the 
standard /3-H61der Triangle Tp C IR 2 , with respect to the inner metric, and the 
image of the point Xo by the corresponding bi-Lipschitz map is the point (0, 0) 6l 2 . 
The inverse images of the boundary curves of Tp, containing (0, 0) are called sides 
of the 0- Holder Triangle X. The number is called the Holder Exponent of X at 
Xo. We use the notation 0(X, xq). 

A semialgebraic surface X C K" is called a 0-Horn at a point xo G X if the germ 
of X at x is semialgebraically bi-Lipschitz equivalent to the germ at (0, 0, 0) G M 3 
of the standard /3-Horn, i.e. a semialgebraic set defined as follows: 

Hp = {{x u x2,y) GR 3 : {x\ + x\) = y 2 ?}, 

with respect to the inner metric, and the image of the point xq by the corresponding 
bi-Lipschitz map is the point (0,0,0) G K 3 . The number is called the Horn 
Exponent of X at x - We are going to use the same notation 0(X,x o ). 

The following result is useful for calculations of Holder Exponents and Horn 
Exponents. 

Theorem 4.1. Let X C M™ be a semialgebraic surface. Let x G X be a point 
such that X is a 0-Hdlder Triangle at xq or a 0-Horn at Xq. Then 0{X,xq) — 
inf{A(7i,72) : 71,72 o-re semialgebraic arcs on X with 71 (0) = 72(0) = x$) . 

Proof. We are going to prove the statement for a /3-H61der Triangle. The proof for 
a /3-Horn is the same. Let X C 1" be a /3-H61dcr Triangle at xq G X. By the 
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main result of p] (see also [6j), there exists a finite set of semialgebraic arcs at xo, 
{71, . . . , 7fe}, 7j C X for all i = 1, . . .k, such that 

(1) 7i,7i+i ar e sides of a /VHolder Triangle IjCl, where fa = A (71,71+1); 

(2) jj n X 4 = x if j ^ i and j ^ i + 1; 

(3) Xj (~l B(xq, e) is normally embedded in R™, for sufficiently small e > 0. 
By the simplification theorem of [I], /3(X, xq) — min fa. 

Let «i,Q2 C X be two semialgebraic arcs at xq- Since ot\ and a 2 are semialge- 
braic, then there exist two subsets Xj t and Xj 2 , defined above, such that ot\ C Xj t 
and a 2 C Xj 2 . We can suppose that ji < j 2 . By Proposition [321 we obtain 

A(ai,a 2 ) = min{A(ai,7 7 - 1+ i),A(7 7 - 1+lj7ii+2 ), . . . , A(7 i2 , a 2 )}. 

By the same reason, 

A(ai,7ji+i) > and X(jj 2 ,a 2 ) > fa 2 . 

By these three inequalities, we obtain A(«i, a 2 ) > /3(X, zo). 

On the other hand, there exists a pair 7^,7^+1, such that f3(X, xq) = fa = 

5. Canonical Holder Complex for weighted homogeneous surfaces. 

This section is devoted to a proof of Theorem 12.51 We use induction on the 
dimension of the ambient space R n . 

Let X C M 2 be a closed semialgebraic surface which is (01, a 2 )-weighted homo- 
geneous. If X ^ R 2 , then X is a collection of some Holder Triangles X\, . . . , X p 
such that Xi n Xj = {0} if i ^ j. By Proposition 12. 4i we have two possibilities: 

(1) the boundary curves of Xi belong to Sing(X) and, thus, the boundary 
curves 71 and 72 are leaves of the weighted homogeneous foliation; 

(2) Xi is a " half " of a weighted homogeneous /3-Horn, in this case we can also 
suppose that the boundary curves of Xi are leaves of this foliation. 

Thus, Xi is a (ai, a 2 )-weighted homogeneous set. If a /3-Holder Triangle Xi inter- 
sects with the set x 2 = only at {0}, then fa[Xi, 0) = Otherwise, (3(X l ,0) = 1. 
Let us observe that /3(R 2 ,0) = 1. The first step of induction is done. 

Let X C R™ be a semialgebraic (a%, . . . , a„)-weighted homogeneous surface. Let 
Xi be a fa Holder Triangle corresponding to the Canonical Complex of X at 0. If 
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Xi belongs to the hyperplanc x n = 0, then the statement is true, by the induction 
hypothesis. Thus, let us suppose that Xi does not belong to the hyperplane x n = 0, 
i.e. there exists a curve j z C Xi such that j z n {x n = 0} = {0}. Now, if Xi n {x n = 
0} {0}, then there exists a curve C X, PI {i„ = 0}. The curves -f z and 7 y 
have different unit tangent vectors at G K" and, thus, /3(X,0) = 1. Now we 
consider the case when Xi n {x„ = 0} = {0}. We are going to show that, for any 
pair of scmialgcbraic arcs «i, «2 C Xi with same initial point G R™, there exists 
a pair of leaves j Zl and j Z2 such that \(a\, a 2 ) > ^(j Zl ,Jz 2 )- In order to prove this 
statement, we need the following lemma. 

Lemma 5.1. Let Y C K" &e a (ai, . . . ,a n ) weighted homogeneous surface, such 
that Y — {0} is connected. Let Y n {x„ = 0} = {0}. Suppose that the section 
Y (~l {x n = 1} is contained in the plane {xi = r}. Then, for every positive value 
e, there exists a value r(e) such that the section Y n {x n — e} is contained to the 
plane Xi = r(e). 

a i 

Proof. Take r(e) = re~ . □ 

Let M = Xi n {x„ = 1}. Suppose that there exists an index fc such that 
M C {xfe = r}. Let us consider a projection P: K" — > M™ _1 defined as follows: 

P(x\, . . . , x n ) — (xi , . . . , Xk , ■ ■ • , x n ^. 

Observe that, for j ^ k, P\xj is a bi-Lipschitz map and P(Xj) is a (a\, . . . , dk, . . . , a n )- 
weighted homogeneous subset in ]R™ _1 . Then we obtain our statement from the 
induction hypotheses. 

Now, let us suppose that M <f_ {x„_i = r}, for all r. Let T: M x [0, +oo) — ► Xi 
be a map defined as follows: 

T(xi, . . .,x n ,t) = (t^xi, . . .,t~^~x n -i,t). 

Clearly, the map T is semialgebraic, injective and surjective, for t ^ 0. 

Let a : [0, p] — > Xi be a semialgebraic arc in Xi such that a(0) = 0, parameterized 
in such a way that a'(0) exists. Let a: [0,p] — > M x [0,1] be a lifting of a, i.e. 
Toci = a. This lifting is defined as follows: a(s) = T^ 1 (a(s)), for s ^ 0. Since a(s) 
is semialgebraic, then lim a(s) exists and belongs to M x {0}. By the same reason, 
lima'(s) also exists. Therefore, the arc a near M x {0} can be reparameterized 



LOCAL LIPSCHITZ GEOMETRY OF WEIGHTED HOMOGENEOUS SURFACES 9 

in the following way: a(t) — (xi(t), . . . , x n -i(t), t). By definition of the map T, we 
have 

a(t) = (t^xi(t), . . . ,t~^~x n - 1 (t),t). 

Clearly, — | t _ (a(t)) is not contained in the hyperplane x n = 0. 

Let 0ii,0i2: [0,p] — * Xi be two arcs such that a\(0) — a 2 {0) = 0. The arcs a% 
and a2 can be parameterized as follows: 

ai(t) = (t^j/iw, ■ • ■ ,* Q -«- 1 j/„_i(*),t) and a 2 (i) = (* a " . . . ,t°»- 1 2 n _i (*),*). 
We obtain: 

||ai(*) - a 2 (i)||moa: = ma ^{* ^ 1 2/i (*) - i = 1, ...,n- 1}. 

Since \yi{t) — Zi(t)\ is a bounded function and ai > •• • > a n -li we have 

||ai(t)-a 2 (t)|| maa = at A + o(t A ) 

with A > 2n=l. 



On the other hand, since M {x n -i = r}, there exist y = (j/i, . . . , y n -i, 1), z = 
(zi, . . . , z„_i, 1) S M such that y n -i 7^ ■Zn-i- By Theorem 13. 3[ the leaves j y and 
7 2 have the order of contact A(7j,,7 2 ) = CLn a ~ 1 . 

The theorem is proved. □ 

Proof of Theorem \2.6\ Let X C M 3 be a semialgebraic (ai, a 2 , a3)-weighted homo- 
geneous surface with a connected local link at 0. If X n {2:3 = 0} 7^ {0}, then, by 
the proof of the Theorem 12.51 we obtain that 0(X, 0) = 1. 

Note that (3(X, 0) can be equal to — only in the case that X n {2:3 = e} is 
totally included in a line x 2 = r(e). But, since the local link of X at is connected, 
it implies that X n {x% = e} is the set defined by X3 — e, x 2 = r(e). Then X is a 
union of standard leaves of J-( ai ,a 2 ,a 3 ) passing through the points belonging to the 
straight line X3 — e, x 2 — r(e). Note, that if X (1 {x% = 0} = {0} then X cannot be 
closed. 

The case (3{X, 0) = — can occur if, and only if, X C {2:3 = 0}. But, in this 

0,2 

case, P{X,0) = 1. □ 



10 l. birbrair and a. fernandes 

6. Order comparison lemma 

Let K be a field of germs of subanalytic functions / : (0, e) — ► R. Let v : K — > K 
be a canonical valuation on K . Namely, if f(t) — air + o(t@) with a ^ 0, we put 

K/) = P- 

Here we are going to prove a bit more general result such that Lemma 13.11 is a 
partial case of it. 

Theorem 6.1. Let \\ ■ ||s be a semialgebraic norm on R™. Let 71 and 72 be two semi- 
analytic arcs such that 71 (0) = 72(0) — xq £ R™. Let (t) be a parametrization 
of 7i such that \h?(t)-x \\ s =t, i = 1,2. Let A 3(71,72) = Khf (*) - T# (*)IIs). 
Then As (71, 72) = A(7i,7 2 ). 

In order to prove this theorem we need the following lemma. 

Lemma 6.2. Let M C R n be a semialgebraic convex compact subset such that 
G Int(RI). Then, for each small e > 0, there exists a number 6 > such that, for 
each pair x, y 6 DM with \\x — y\\ < e, the angle between x and x — y satisfies the 
following inequality 

8 < ^(x, x — y) < 7r — 5. 

Proof. Let Tang(M) be a subset of R ra x RP" _1 of the pairs (x,l) such that I is 
a straight line, / n Lnt(M) — and x € dM n I. Clearly, Tang(M) is a compact 
semialgebraic subset of R" x RP™" 1 . Let ang: R" x MP"- 1 -> R be a function 
defined as follows: 

ang(x, I) = sin(Z(0a;, I)). 

Observe that sin(Z(0x, I)) is a well defined function. Since Tang(M) is compact, 
then there exists 6 > such that, for all (x, I) G Tang(M), we have ang(x, I) > S. 

Let Tang e (M) be a set of pairs (x, I) where x G and I is a straight line passing 
through x and some y G dM such that ||x — y\\ < e. Observe that Tang e (M) is 
also a compact semialgebraic set. Since the Hausdorff limit lim Tang e (M) belongs 

c— >0 

to Tang(M), there exists e > such that ang(x, 1) > — , for all (x, Z) G Tangz(M). 
It proves the lemma. □ 

Proof of Theorem I6.il Let Xo and let 71 , 72 be arcs satisfying the condition of the 
theorem. Let us prove that As (71, 72) > A(7i,72). Suppose that As(7i,72) < 
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A(7i,72). Let 71 (i) and J2{t) be points such that ||7i(i)|| = ||72(*)|| = t. Let 
r = |7i(t)||s- Let 72 (r) be a point on 72 such that H72 ( r )||s = t. Thus, for small 
t, the angle at the vertex 7f(r) of the triangle 71 (t), 72 (i)) 72 ( r ) must tend to zero. 
The line defined by 72(0 and 72 (r) tends to the tangent line of 72 at 0. Since 
the ball of radius r, with respect to the norm || • \\g, is a convex set and the origin 
belongs to this ball, we obtain a contradiction to Lemma RT!?1 

Using the similar argument we can show that As(7i,72) < A(7i,72). □ 
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